The probability density function and average contrast of the sum of n uncorrelated, partially developed speckle patterns have been theoretically investigated. A new form of the probability density function is given for the sum of n uncorrelated, partially developed speckle patterns under the assumption that the individual speckle fields to be added follow the circular statistics.
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With increasing use of speckle techniques in various fields, such as interferometry and image processing, and with increasing demand for speckle-reduction techniques in coherent optics, it becomes important to know the fundamental statistical properties of the sum of speckle patterns. The statistical properties of the sum of two speckle patterns were studied by Burch, 1 and Barakat 2 treated the sum of partially correlated speckle patterns and investigated its probability density function. Using the technique of a coherence matrix,
4 developed a general formalism by which the sum of n partially correlated speckle patterns can be studied. Recently we 5 have experimentally investigated this subject and verified the theoretical results obtained by Barakat and Goodman. However, these works 1 -5 apply only for the sum of fully developed speckle patterns whose probability density function obeys a negative exponential form. In practice, when applying speckle techniques or reducing speckles, we are often forced to consider the case of partially developed speckle patterns with a component of specular intensity added on an intensity basis. For example, partially developed speckle patterns are realized when a weak diffuser, such as a ground glass with a rootmean-square (rms) surface roughness smaller than the optical wavelength, is illuminated with coherent light. Another example can be found in the coherent addition of a uniform beam to fully developed speckle patterns.
In this Letter, we discuss the probability density function and average contrast of the sum of n uncorrelated, partially developed speckle patterns. A new form of the probability density function is given for the sum of n uncorrelated, partially developed speckle patterns under the assumption that the individual speckle fields to be added follow circular statistics. It is shown that this probability density function reduces to the wellknown gamma distribution 6 -8 when the specular intensity component disappears in speckle patterns. Though only limited sample results obtained from the present theoretical study are shown, the present result may be very important for studying the statistical properties of the sum of speckle patterns having any specular intensity component.
We now consider the sum of n partially developed speckle patterns on an intensity basis. Assume that I1,I2 . . . , In are the intensities of partially developed speckle patterns to be added and that there is no correlation between these patterns. The total added intensity I becomes
where Ark and Aik are the real and imaginary parts of the kth speckle amplitude field Ak, and Ak = Ark + iAik.
If the speckle fields to be added follow circular statistics, the probability density function of the kth speckle field is given by
Xexp~ ~ 2-k (2) where
and INk and ISk are the diffuse and specular components of the kth speckle intensity. In general, the probability density function PI(I) is obtained by the Fourier transform of the characteristic function for the total added speckle intensity I:
If the individual speckle fields obey the same circular statistics, the characteristic function is calculated as
where the replacements of Isk = Is and crk
.., n), have been taken. By substituting Eq. (5) into Eq. (4), the probability density function of the sum of n uncorrelated, partially developed speckle patterns is obtained as
or, in a normalized form,
PI(I/(I))
where ( However, Mn-1 is used here for this function in order to avoid confusion between this function and the speckle intensity I). It is pointed out that r indicates the ratio between the specular and mean diffuse components involved in a speckle pattern. When n = 1, the above probability density function of Eq. (7) reduces to
This equation is the well-known result 9 1 0 for the probability density function of a single partially developed speckle pattern, obtained by assuming that the speckle field obeys the circular statistics. Equations (6) and (7) indicate that, as the specular component of added speckle patterns disappears, i.e., as Is or r approaches zero, the probability density functions given by Eqs. (6) and (7) reduce to the gamma distribution 6 -8 expressed by IN) ), (k = 1,2, ... , n), have been used. This equation can also be derived directly by using Eq. (6).
In Fig. 1 the probability density function given by Eq. is fixed as r = 1. The curve A of n = 1 corresponds to the probability density function of a single, partially developed speckle pattern, which is close to a negative exponential form appearing in a single, fully developed speckle pattern. As the number n of added speckle patterns increases, the probability density function approaches a Gaussian distribution. A similar phenomenon can be seen in the probability density function of the sum of fully developed speckle patterns, 4 but the approach to the Gaussian distribution is more rapid in partially developed speckle patterns than in fully developed ones. In Fig. 2 the probability density function is also in added speckle patterns, i.e., r Athe probability density function also approaches a Gaussian distribution. indicates the reciprocal of (SNR)rmr, when n identical, uncorrelated, partially developed speckle patterns are added. Therefore, (SNRrms increases with the increase of the added speckle number n. This increase is further enhanced with the increase of the specular component in added speckle patterns, i.e., with the increase of r. General equations giving the probability density function and average contrast of the sum of n uncorrelated, partially developed speckle patterns have been obtained by assuming circular statistics for the individual speckle fields added. These equations are valid not only for the sum of uncorrelated, partially developed speckle patterns but also for the spatially or temporally integrated, partially developed speckle patterns. If the integrated area at the receiving plane consisting of a single, stationary, partially developed speckle pattern or the integration time at the receiving plane of a moving, partially developed speckle pattern is composed of n independent speckles, Eqs. (6) and (12) will give the probability density function and average contrast of the resultant spatially or temporally integrated speckle pattern with good approximation.
